We develop a novel theoretical framework describing polariton-enhanced spin-orbit interaction of light on the surface of two-dimensional media. Starting from the integral formulation of electromagnetic scattering, we exploit the reduced dimensionality of the system to introduce a quantum-like formalism particularly suitable to fully take advantage of rotational invariance. Our description is closely related to that of a fictitious spin one quantum particle living in the atomically thin medium, whose orbital, spin and total angular momenta play a key role in the scattering process. Conservation of total angular momentum upon scattering enables to physically unveil the interaction between radiation and the two-dimensional material along with the detailed exchange processes among orbital and spin components. In addition, we specialize our model to doped extended graphene, finding such spin-orbit interaction to be dramatically enhanced by the excitation of surface plasmon polaritons propagating radially along the graphene sheet. We provide several examples of the enormous possibilities offered by plasmon-enhanced spin-orbit interaction of light including vortex generation, mixing, and engineering of tunable deep subwavelength arrays of optical traps in the near field. Our results hold great potential for the development of nano-scaled quantum active elements and logic gates for the manipulation of hyper-entangled photon states as well as for the design of artificial media imprinted by engineered photonic lattices tweezing cold atoms into the desired patterns.
I. INTRODUCTION
Photons are light quanta characterized by energy and linear/angular momentum observables. While energy and linear momentum of photons are inherently linked to the wavelength, their angular momentum arises from both the spin and the phase pattern of the light wave, whose wavefront can be decomposed into orbital angular momentum (OAM) states of well defined topological charge [1] . Standard protocols in quantum information are based on qbits, which in photonic realizations are composed of two-dimensional quantum states of photons with opposite spins arising from left and right polarizations (|L , |R ) of the light wave. While the spin angular momenta of such states can take only values of ±h, the additional OAM of photons is generally unbound and can take any discrete value lh, where −∞ < l < +∞ is an integer accounting for the topological charge associated to the photon phase pattern. The resulting photon states -composed by the coherent superposition of different polarizations and helical spatial patterns with definite topological charge -live in a higher dimensional Hilbert space [2] [3] [4] [5] and enable the possibility to encode information into hyper-entangled states, also named qdits, which provide superior capacity for quantum cryptography [6] [7] [8] . In addition to such promising quantum applications, the OAM of twisted light is currently employed for classi- * Electronic address: alessandro.ciattoni@aquila.infn.it † Electronic address: andrea.marini@aquila.infn.it cal communications in the atmosphere [9] [10] [11] [12] [13] , which are being demonstrated over increasing record-breaking distances [14] [15] [16] [17] . Furthermore, the non-trivial interaction of twisted light with matter [18] plays a major role in laser cooling [19] [20] [21] , optical tweezing and manipulation [22] [23] [24] , and many other applications where the spin-orbit interaction (SOI) of light [25, 26] enables the controlling of the beam spatial pattern through its polarization.
SOI is an inherent property of the electromagnetic field that, similarly to relativistic quantum particles and electrons in solids [27, 28] , becomes relevant at spatial scales comparable with the optical wavelength [29] and is responsible for several unusual phenomena such as, for example, the spin-Hall effect of light [30] [31] [32] [33] , Imbert-Fedorov shift [34, 35] and vortex generation [36] [37] [38] [39] . Owing to such inherent enhancement of SOI in the non-paraxial regime, focused beams or evanescently localized waves like surface plasmon polaritons (SPPs) [40, 41] undergo several spin-dependent effects such as unidirectional propagation at interfaces [42] . Graphene -an atomically-thin lattice of carbon atoms arranged in hexagonal pattern [43] -offers unique possibilities for confining light down to the nanometer scale [44] , with the further appealing ability of electrical tunability through gated injection of charge carriers. In particular, doped graphene enables the excitation of tunable surface plasmons in nano-islands and polaritons propagating along infinitely extended sheets [45] that play a relevant role in plasmon-enhanced light-matter interaction [46] leading to several applications in sensing [47] [48] [49] , harmonic generation [50, 51] , complete optical absorption [52] , terahertz modulation [53, 54] , and many others. The ex-traordinary confinement offered by SPPs in extended graphene is expected to enhance dramatically the SOI of non-paraxial impinging light, leading to the development of active devices for the manipulation and control of OAM at the nanoscale.
Here we provide for the first time, to the best of our knowledge, a first-principle theoretical approach able to describe the scattering of arbitrary tightly confined fields impinging on a generic two-dimensional medium. Our framework, which does not resort to any approximation on the vectorial electromagnetic field, is very similar in its kinematical traits to the description of a spin one quantum particle living in the atomically thin medium, whose orbital, spin and total angular momenta are the basic quantities allowing us to elucidate the physics of radiation matter interaction in the presence of two-dimensional materials. Rotational invariance is the key ingredient of our analysis and accordingly we find that the ensuing total angular momentum conservation rules radiation scattering. Indeed, the rotationally invariant electromagnetic coupling provided by the two-dimensional material, triggers photon transitions accompanied by an exchange between the orbital and spin angular momenta which is quantified by suitable selection rules. We further specialize our calculations to doped extended graphene, demonstrating that thanks to plasmonenhanced SOI such an atomically-thin medium can generate efficiently optical vortices of order m = ±2 and actively manipulate the mixing of different OAM states by means of the external gate voltage, thus enabling fast electrical processing of information stored in OAM states.
In addition, we demonstrate that such a tunable mixing of OAM vortices of different order can be exploited to devise arbitrary subwavelength arrays of optical traps in the near field able to pin cold atoms into desired patterns, thus enabling the engineering of artificial materials at will. Such extraordinary functionalities of graphene ensue from the very large momentum of SPPs which, conversely to state-of-the-art optical tweezers, enable the generation of an interference pattern at deep subwavelength scales.
II. RADIATION SCATTERING BY TWO-DIMENSIONAL MEDIA A. Lippman-Schwinger equation
Consider radiation scattering by a two-dimensional (2D) material lying on the plane z = 0 embedded in vacuum and illuminated by a monochromatic radiation field (with time dependence e −iωt , where ω is the angular frequency) impinging from the half-space z < 0 (see Fig.1a ). Owing to the reduced dimensionality of the system, the integral formalism is particularly suitable for describing radiation scattering. Exploiting the Green's function method, in the presence of a time harmonic current density of complex amplitude J(r), the overall radiation electric field can be written as [55] 
where k 0 = ω/c, c is the speed of light in vacuum and µ 0 is the permeability of free space and h (r) = e ik0r /r is the outgoing spherical wave; the field is the superposition of the incident field E (i) (satisfying Maxwell equations in vacuum) and the field radiated by the current. In the limit of low impinging intensity, nonlinear effects are negligible and the current density induced by the external field on the atomically-thin medium is provided by
where hereafter we set A ⊥ = A x e x + A y e y for the transverse part of a vector A. Here σ is the surface conductivity of the 2D medium (see Sec. II.D for the particular case of graphene), which generally depends on the radiation frequency ω and the in-plane radiation wavevector k ⊥ . Inserting Eq.(2) into Eq.(1) and separating transverse and longitudinal components we get
where ξ = (µ 0 c/2) σ, and these equations are fully equivalent to differential Maxwell's equations supplemented with the boundary conditions. Evaluating the first of Eqs.(3) at z = 0 (i.e. setting r = r ⊥ ) we obtain the Lippman-Schwinger (LS) equation for E ⊥ (r ⊥ ) describing radiation scattering from the 2D medium
where the interaction operator is V = M K with the operators M and K acting on transverse vectors A ⊥ according to
Once the LS equation is solved for an incoming field E (i) ⊥ (r ⊥ ), Eqs.(3) provides the field E (r) in the whole space. It is worth noting that, conversely to standard bulk photonic media, it is possible to obtain an integral equation for the single transverse field E ⊥ (r ⊥ ) owing to the in-plane surface current σE ⊥ flowing through the 2D medium. In particular, this enables us to perform the is radiated by a tip and it has both left and right handed polarized components. The circularly polarized components of the transmitted field (represented by the abstract vector |Ψ ) displays vortex photons not present in the incoming field. The high transverse confinement of the field emitted by the tip both enhances such vortex scattering process and enables the concurrent excitation of graphene surface plasmon polaritons whose charge oscillation is denoted with σ pl . (b) Vortex level scheme and fundamental scattering processes supported by graphene. A vortex (m, s) is characterized by the topological charge m (coinciding with its orbital angular momentum) and by the left/right circular polarization s = ±1 (coinciding with its spin). Graphene induces the transitions (n, +1) −→ (n + 2, −1) (red arrow) and (n, −1) −→ (n − 2, +1) (green arrow). The selection rules ∆m = ±2 and ∆s = ∓2 are a consequence of the conservation of the total angular momentum j = m + s (i.e. the rotational invariance of the system). (c) Illustration of the graphene plasmon dispersion relation ω(k ⊥ ), where the photon energyhω is rescaled to the Fermi energy EF = 1 eV and k ⊥ is normalized to the Fermi wavevector kF = EF/hvF 1.5 nm electromagnetic scattering analysis in the Hilbert space of square-integrable complex transverse vectors.
In order to shed light on the radiation SOI mechanism accompanying the scattering, it is convenient to exploit its rotational invariance around the z axis: if R ϑ is the rotation operator around the z-axis of an angle ϑ and if E ⊥ is the field produced by the incoming field E
From the LS equation it is straightforward to observe that the rotation and interaction operators commute, i.e. [R ϑ , V ] = 0. Since we are dealing only with transverse vectors, the rotation operator is R ϑ = e −iJϑ where J = L + S and
The operator J is the infinitesimal generator of rotations around the z-axis so that, since other rotations are not involved here, by definition it is the total angular momentum operator and it is the sum of the orbital L and spin S angular momentum operators. For clarity, we note that the radiation angular momentum and its orbital and spin parts (which are vectors) should not be confused with J, L and S since the latter are purely geometrical operators suitably describing rotations around the z axis of transverse fields. Rotational invariance implies that total angular momentum and interaction operators commute, i.e. [J, V ] = 0. This implies the conservation of angular momentum, i.e. the fact that if
⊥ is an eigenvector of J then E ⊥ is an eigenvector of J as well with the same eigenvalue. Nevertheless, the separate orbital and spin angular momenta are not conserved, i.e. [L, V ] = 0 and [S, V ] = 0. This implies an effective exchange between them amounting to a fundamental SOI produced by the 2D medium, which fundamental physics is the main subject of this paper.
B. Dirac's formalism and Vortex Representation
The analysis of the physical mechanism supporting radiation scattering by a generic 2D medium is greatly simplified by using the Dirac's abstract vector space formalism. The Hilbert space which is suitable for our purposes is H = H orb ⊗ H spi , the tensor product of the orbital and spin (polarization) state spaces H orb = span r ⊥ {|r ⊥ } and H spi = span {|e x , |e y }, respectively. Here |r ⊥ are the eigenvectors of the transverse position operator and |e x , |e y are the abstract counterparts of the cartesian unit vectors. These two sets of vectors are orthonormal bases, i.e.
δ (r ⊥ − r ⊥ ) and j |e j e j | =Î spi , e j | e j = δ jj , whereÎ orb andÎ spi are the identity operators of H orb and H spi , respectively (we hereafter use the caret ∧ to label operators on abstract vector spaces). Accordingly the vectors |r ⊥ , e j = |r ⊥ ⊗ |e j form an orthonormal basis of H and each transverse field A ⊥ = A x e x +A y e y is associated in H with the ket
The total angular momentum operator acting on H iŝ J =L +Ŝ where, from Eqs.(6), the orbital and spin angular momentum operators arê
whereX,Ŷ are the position operators (defined by r ⊥ |X i |r ⊥ = x i δ (r ⊥ − r ⊥ )) andD x ,D y are the derivatives operators (defined by r ⊥ |D i |r ⊥ = ∂ i δ (r ⊥ − r ⊥ )). From the expression above it is straightforward to conclude that L ,Ŝ = 0.
In the space H, the LS equation (Eq. 4) reads
where |Ψ and Ψ (i) are the ket associated with the field E ⊥ (r ⊥ ) and the incoming field E (i) ⊥ (r ⊥ ), respectively (see Fig.1a ) and the interaction operator isV =MK witĥ
whereÎ is the identity operator in H.
The interaction operatorV has a rather complicated structure which hampers the solution of the LS equation of Eq. (8) . A convenient simplification is gained by resorting to a different representation whose basis vectors are more suitable to deal with the rotational invariance of the system. The basic observation is that the operatorK commutes with both the orbital and spin angular momentum operators (mainly since it produces the convolution with the spherical wave and it does not affect the polarization of the field) so thatK,L,Ŝ are a complete set of commuting operators in H and accordingly their common eigenvectors turn out to form an orthonormal basis of H. In Appendix A we show that these eigenvectors are
where k ⊥ is any real and positive number, m is an arbitrary integer and s = ±1. We also prove they satisfy the relations
where, according to Eq.(A15) of Appendix A,
is a shorthand for the integration over k ⊥ and the sum over m and s. By construction, we havê
where
From the electromagnetic point of view the field associated with |k ⊥ , m, s has the spatial profile ∼ J m (k ⊥ r ⊥ ) e imϕ , i.e. it is has a Bessel profile of order m endowed with a vortex of topological charge m and it is left and right handed circularly polarized for s = +1 and s = −1, respectively, since these two values are associated to the unit vectors
(e x − ie y ), respectively. Hence k ⊥ is the radial transverse momentum, i.e. it is the radius of the Bessel ring in the momentum space. The second and the third of Eqs. (12) imply that m and s are the orbital and spin angular momenta of the state |k ⊥ , m, s . This allows to unambiguously identify the orbital angular momentum with the vortex topological charge and the spin with the vortex polarization. Again, we emphasize that such angular momenta are not the standard electromagnetic ones but are the eigenvalues of the infinitesimal generators of rotations in the orbital and spin state spaces. We hereafter use the basis |k ⊥ , m, s , which we name the vortex basis, since it provides the most suitable representation for our purposes (the vortex representation).
Owing to the rotational symmetry, the vortex |k ⊥ , m, s is an eigenvector of the total angular momentumĴ =L +Ŝ
with eigenvalue j = m+s. Therefore each eigenvalue ofĴ is two-fold degenerate and its two-dimensional eigenspace is
Since the vortex basis is orthonormal, it follows that the Hilbert space H is the direct sum of the eigenspaces
A geometrical characterization of the vortex representation is gained by exploiting the fact that here only rotations in the plane are allowed and hence the symmetry group is SO(2) which, being Abelian, has only one-dimensional irreducible representation. In Appendix A, we prove that each vector | k ⊥ , m, s is the basis of an irreducible representation of SO(2).
C. Fundamental radiation SOI processes
The vortex representation introduced in the above section, besides providing a framework for associating the topological charge with the orbital angular momentum and the circular polarizations with the spin states, is also very useful for handling the interaction of light with 2D media. To achieve this goal, let us consider the operatorŝ
which, as shown in Appendix B, are such that
so thatL ± andŜ ± are orbital and spin ladder operators (the former raising and lowering m by one unit and the latter raising and lowering s by two units). The crucial point, that fully justifies our choice to use the vortex representation, is that the operatorsM andK of Eqs. (9) can be expressed only in terms of the ladder operators aŝ
and these expressions are very compact and sufficiently simple to unveil the physical mechanisms supporting radiation scattering from the 2D medium (see Appendix C). Note that in Appendix C we also prove (as anticipated above) that bothM andK are rotationally invariant operators (i.e. [M ,Ĵ] = [K,Ĵ] = 0) so that the interaction operatorV =MK is also a rotationally invariant operator ([V ,Ĵ] = 0). In particular, this implies that the eigenspaces E (k ⊥ , j) are invariant for the interaction operatorV so that the total angular momentumĴ is conserved in the scattering process. However, as opposed tô K, the operatorM conserves neither the orbital nor the spin angular momentum so that the interaction operatorV will in general trigger transitions among states of different m and s while conserving their sum j = m + s. Before discussing the general solution of the LS equation [see Eq. (8)], we first examine its solution in the Born approximation (i.e. up to the first order in ξ), namely
If the incoming field is a vector of the vortex basis, Ψ (i) = |k ⊥ , m, s , by using Eqs. (16), we obtain
Therefore the 2D medium triggers transitions from a vortex of orbital momentum m and spin s = +1 to one of angular momentum m + 2 and spin s − 2 = −1 (due to the interaction operatorL 2 +Ŝ− ) and from a vortex of orbital momentum m and spin s = −1 to one of angular momentum m − 2 and spin s + 2 = +1 (due to the interaction operatorL 2 −Ŝ+ ). These two scattering processes (see Fig.1b ) are very fundamental (see below) and they provide the physical background for understanding all the photonic spin-orbit interaction produced by 2D media. Note that the total angular momentum j = m + s is always conserved in the two processes, as expected due to the above discussed rotation invariance of the system. Total angular momentum conservation also explains the selection rule ∆m = ±2 since in each process the orbital angular momentum change has to compensate the change ∆s = ∓2 accompanying the flip of the spin (which has only the eigenvalues +1 and −1, see Fig.1b ). Translated into the electromagnetic language, if we illuminate the 2D material with a left (right) handed circularly polarized vortex of topological charge m the scattered field will also contain a right (left) handed circularly polarized vortex of topological charge m + 2 (m − 2). Note that the scattering amplitude ξ
u (k ⊥ ) reveals that by increasing the ratio k ⊥ /k 0 the transitions' efficiency increases as well: the more transversely confined the incoming field is, the more strong are the scattered vortices.
The general solution of the LS equation (Eq. (8)) is (see Appendix D)
are the Fourier coefficients of the expansion of the incoming state in the vortex basis and
Note that the first term in the RHS of Eq. (20) has the same vortex structure of the incoming state whereas the second term describes the very same scattering pro- 
D. Graphene Plasmonic Resonance
The novel theoretical treatment of SOI of light discussed above is general for any kind of 2D material, which physical properties are fully incorporated within the parameter ξ depending on the surface conductivity σ. In the particular case of graphene, at optical and infrared frequencies the response is dominated by the conical band structure E = ±v F p around the two Dirac points of the first Brillouin zone, where v F ≈ 10 6 m/s is the Fermi velocity and E, p are the electron energy and momentum, respectively [57] . While in undoped graphene the Fermi energy lies at the Dirac points, injection of charge carriers through electrical gating [58] or chemical doping [59] shifts efficiently the Fermi level up to E F ≈ 1 − 2 eV owing to the conical dispersion and the 2D electron confinement. Thus, within the photon energy rangē hω < 2E F , whereh is the reduced Planck constant, interband transitions are inhibited by the Pauli exclusion principle and graphene acquires a metal-like behavior [44] . In turn, doping affects enormously the optical response of graphene from an efficient dispersionless absorber of ≈ 2.3% of impinging radiation (and universal conductivity σ 0 = e 2 /4h, where −e is the electron charge) to a 2D metal with long relaxation time τ = µE F /ev 2 F , where µ is the electron mobility, which conversely to noble metals can reach the picosecond time scale at moderate doping and purity (affecting electron mobility) [45] . In principle the graphene surface conductivity σ(k ⊥ , ω) is nonlocal and depends on the in-plane radiation wavevector k ⊥ . However, when k ⊥ < k F = E F /hv F electron dynamics is local and the graphene conductivity can be evaluated within the local random phase approximation (RPA) providing the integral expression
} is the FermiDirac occupation density of states up to the Fermi energy E F , k B is the Boltzmann constant and T is the electron temperature. Such metal-like behavior of doped graphene enables the tight coupling of photons with in-plane plasma oscillations (pictorially depicted in Fig. 1a as σ pl , leading to the existence of exponentially localized TM electromagnetic modes propagating along the infinitely extended sheet with wavevector k ⊥ [45] . The dispersion relation ω(k ⊥ ) of such modes is identified exactly by the quasipole Re (1 − ξK) = 0 derived in Eq. (21) and is depicted in Fig.1c , from which one can observe that graphene can confine SPPs down to approximately 10 nm before nonlocal effects come into play counteracting further localization. Such an extraordinary confinement at the deep subwavelength nanoscale provided by graphene SPPs enables the enhancement of SOI of light by several orders of magnitude, as we discuss below.
For monochromatic fields, the graphene surface plasmon resonance occurs at a specific transverse wavevector k ⊥ which strongly depends on the Fermi energy of the sheet. In Fig.1d , we set λ = 1.55 µm and we depict the logarithmic plot of |Q| introduced in the first of Eqs. (21) as a function of k ⊥ /k 0 for different Fermi energies from 0.7 to 1.3 eV. The peaks identify the spectral position of the graphene SPPs, whose transverse wavevectors k ⊥ shift from 50 k 0 to 120 k 0 for different Fermi energies.
III. VORTEX MANAGEMENT A. Electromagnetic vortex scattering
The above discussed theory on radiation scattering by graphene can be profitably exploited, as we are going to prove, in a number of relevant applications. As depicted in Fig.1a , the general scheme deals with illuminating the graphene sheet with an optical radiation whose circularly polarized components contain suitable vortices which are scattered into novel vortices setting up a desired profile of the transmitted field. As discussed in subsection II C, the vortex scattering efficiency is very small if the impinging field has a transverse confinement much greater than the wavelength. Besides, in order to make efficient the radiation-plasmon coupling and hence to take advantage of the associated resonance, the evanescent content of the incoming field necessarily has to be large. Both these conditions (which are essentially equivalent) can be achieved by using a near-field optical probe (the tip in Fig.1a ) to generate the incoming field. w/λ 10
Vortex generation at the wavelength λ = 1.55 µm from a graphene sheet whose Fermi energy is 1.14 eV. In the inset of (a) the profile E The component ER is endowed with a topological charge two and the corresponding vortex generation efficiency is increasingly higher for smaller widths w. The ripple appearing in the scattered field profile, which is increasingly stronger for smaller widths w, is the signature that a radial surface plasmon polariton has been excited with a concomitant plasmonic resonance. For each of the last five values of w, a vertical segments of corresponding color is plotted in the right inset of (a) to spectrally locate the corresponding plasmonic resonance (occurring at k ⊥ 54k0) on the k ⊥ w axis and to check that the incoming field can actually couple with the surface plasmon polariton. (c) Two-dimensional plots of field amplitudes for w = 9 · 10 −3 λ = 14 nm. In addition to the |E (i) L |, |EL| and |ER| corresponding to those of (a) and (b) we plot the amplitudes of the longitudinal components |E (i) z | and |Ez| of the incoming and scattered field, whose comparison reveals a remarkable field enhancement due to the plasmonic resonance. We also plot the amplitude |1 + ER|, which corresponds to the superposition of the generated vortex with an additional right hand circularly polarized plane wave, whose interference spiral shape is a signature of the vortex topological charge carried by ER.
In order to illustrate the phenomenology of the radiation SOI and to discuss its relevant applications, we evaluate the transmitted field E = E L e L + E R e L + E z e z at z = 0 + in turn produced by the incoming field E (i) ⊥ (r ⊥ ). We hereafter use circularly polarized components to describe the transverse part of the field which, in turn, satisfies the LS equation (due to the continuity of tangential component of the electric field across the graphene plane) so that E L (r ⊥ ) = r ⊥ , +1 | Ψ and E R (r ⊥ ) = r ⊥ , −1 | Ψ , where |r ⊥ , s = |r ⊥ ⊗ |s . The longitudinal component E z can be evaluated both from the second of Eqs.(3) or from the divergence-free property of the electric field in vacuum (see Appendix E). Here such longitudinal component can not be neglected since, as above anticipated, we are going to discuss near-field optical applications where the fields are highly confined in the transverse plane and plasmonic resonance generally plays a key role. In addition, in order to discuss the spatial energy redistribution accompanying graphene SOI of light, we also consider the time-averaged Poynting vector pertaining the transmitted field at z = 0 + , i.e. S = 1 2 Re (E × H * ) (see Appendix E for the evaluation of the magnetic field H).
B. Vortex Generation
As a first application of the SOI of light produced by the graphene sheet, we discuss the generation of optical vortices out of an incoming field with vanishing topological charge. Consider an impinging monochromatic field of wavelength λ = 1.55 µm whose profile at the graphene sample (with Fermi energy E F = 1.14 eV) is assumed
This is a left hand circularly polarized field with vanishing topological charge (i.e. it has no vortex singularity at r ⊥ = 0.) and the profile of E (i)
L is depicted in the left inset of Fig.2a . Apart from the amplitude E 0 (which we hereafter set equal to one), its only feature which is relevant for our discussion is the width w. Such impinging field is the superposition of only the basis vortices (m, s) = (0, +1) so that its total angular momentum is j = +1 and its spectral content is provided by the Hankel transform of order zero (see Eq.(E2))
which is depicted in the right inset of Fig.2a . Due to SOI of light, the field scattered by the graphene sheet has the structure
whose amplitudes have close form integral expressions (see Appendix E) which can be numerically evaluated. This scattered field has both left and right hand circularly polarized components, the former with circular symmetry and the latter with topological charge two (both with the total angular momentum j = +1). In other words, a vortex of topological charge two has been generated by the graphene sheet. The longitudinal component has topological charge 1 (as a consequence of the divergencefree property of the electric field in vacuum) and, if we associate the spin value s = 0 to E z , it also has total angular momentum j = +1. In Figs.2a and 2b we plot the profiles of |E L | and |E R |, respectively, for six different values of the incoming field width, i.e. w = 200, 20, 18, 16, 14, 9 · 10 −3 λ. Note from Fig.2b that the amplitude of the generated vortex changes from 0.01 to 2.5 when w is reduced from 200 · 10 −3 λ to 9 · 10 −3 λ. The fact that the efficiency of the vortex generation is increasingly higher for smaller widths w is a general trait of SOI of light produced by graphene, as discussed in Sec. II C. A second remarkable feature which is evident from Figs.2a and 2b is that, as the width w is decreased, an increasingly stronger ripple appears on the radial profiles of both the circularly polarized components E L and E R . Such a ripple is the signature of the coupling between the impinging field and the surface plasma oscillations of the graphene sheet, coupling resulting into the excitation of a radial SPP accompanied by a strong plasmon resonance. Since the chosen Fermi energy is 1.14 eV, such plasmon resonance occurs at k ⊥ 54 k 0 (see Fig.1d ) and in the right inset of Fig.2a we have denoted the spectral position of the resonances k ⊥ w by vertical segments whose colors correspond to the values of w considered in the simulations. Evidently, the smaller w, the closer the plasmonic resonance k ⊥ w to the region where the field spectrum has it central lobe. In other words, the more the field is tightly confined, the more strong is its evanescent spectral tail overlapping the plasmon resonance. Note also that, in addition to the radial ripple, the plasmonic resonance also increases the efficiency of the SOI of light produced by graphene. This is particularly evident from Fig.2a since the amplitude of the left hand component E L is practically equal to 1 when the width w is greater than 18 · 10 −3 λ (yellow curve) and it raises to ∼ 5 for w = 9 · 10 −3 λ.
In Fig.2c we focus on the considered most tight confined field with w = 9 · 10 −3 λ = 14 nm and we discuss some of its spatial features on the transverse plane. For comparison purposes, all the amplitudes are plotted on a disk centered at r ⊥ = 0 and diameter of 200 nm with the same color scale reported on right side. The amplitudes |E (i) L |, |E L | and |E R | are the two-dimensional counterparts of those considered in Figs.2a and 2b . Note that the scattered field has a multiple ring structure with a spatial extension much wider that the incoming field and this is a consequence of the large radial SPP decay length. The comparison between the longitudinal components of the incoming and scattered field, |E (i) z | and |E z |, respectively, reveals a strong enhancement of the latter (whose maximum is about 4.5 as opposed to the maximum of the former which is about 0.5) and this is an essential further signature of the plasmonic resonance. For completeness we have also plotted the amplitude |1 + E R | which corresponds to the superposition of the generated vortex with an additional right hand circularly polarized plane wave. The vortical nature of E R (i.e. its topological charge is two) is strikingly evident from the spiral shape of the resulting interference which, due to the plasmon resonance, is also radially modulated thus providing an highly nontrivial pattern.
In Fig.3 we again focus on the above considered field with w = 9 · 10 −3 λ = 14 nm and we provide a comparison between the energy flows of the incoming and scattered field. From the expression of the magnetic field derived in Appendix E, it turns out that in these conditions both the incoming and scattered magnetic fields have the same vortical structure of the electric field in Eq. (25) and this implies that the time-averaged Poynting vector has circularly symmetric cylindrical components, i.e S (r ⊥ ) = S r (r ⊥ ) e r + S ϕ (r ⊥ ) e ϕ + S z (r ⊥ ) e z . In Figs.3a we plot the cylindrical components of the incoming Poynting vector and we note that S z as a color plot. This pictorially shows that the energy flow of the incoming field mainly circulates around the z axis, a property which is consistent with the circular symmetry and the left hand circular polarization of such field. In Fig.3c we plot the cylindrical components of the scattered Poynting vector and a comparison with Fig.3a reveals a particularly evident redistribution of the energy flow accompanying the vortex generation process. The most striking features are that all the three components are much higher than those of the incoming field, their profile shows a ripple and their amplitudes are mutually comparable. Such features are entailed by the interplay between graphene SOI of light and plasmon resonance. It is well known that the excitation of SPPs is accompanied by a non-trivial energy flow occurring in the plane containing the plasmon wavevector and the normal unit vector. In our case the SPP has a radial distribution and accordingly it affects the S r and S z components of the scattered field. The fact that there is a considerable enhancement of such components of the Poynting vector does not evidently violate power conservation of the scattering process since the SPP dramatically affects only the evanescent portion of the field which does not contribute to the overall power carried by the field. In Fig.3d, in analogy with Fig.3b , we depict S = S r e r + S ϕ e ϕ and S z pertaining the scattered field to pictorially show the energy flow redistribution accompanying vortex generation. The occurrence of a prominent longitudinal component S z in the scattered field entails a remarkable feature of the transverse part S ⊥ : its stream lines connecting the rings where S z is maximum to the ones where S z is minimum owing to the divergence-free property of the Poynting vector in vacuum, i.e. ∇·S = 0.
C. Vortex Mixing
As a second application of graphene SOI of light, we discuss the mixing of optical vortices with ensuing generation of complex deep subwavelength optical lattices. Consider an impinging monochromatic field of wavelength λ = 1.55 µm with spatial profile at the graphene sample (with Fermi energy E F = 1.14 eV)
This field is very much different from the one considered in the vortex generation process of Sec.III B in that it has both left and right hand circularly polarized components and, besides, such components carry the topological charges +1 and −1, respectively. The fields
R e R are genuinely vortex fields with well defined values of orbital and spin angular momenta since they are the superposition of only the basis vortices (m, s) = (+1, +1) (with total angular momentum j = +2) and (m, s) = (−1, −1) (with total angular momentum j = −2), respectively. As a consequence the incoming field E (i) ⊥ has not well defined values of the angular momenta but rather it is the superposition of two vortex fields. The spatial profile of E (i) L is the same as the one considered in Sec.III B whereas E (i) R has an amplitude which is twice the other (again E 0 is irrelevant and we hereafter set it equal to one).
Following the procedure described in Appendix E, the components of the field scattered by the graphene sheet is
whose amplitudes have close form integral expressions which can be numerically evaluated. Note that the left and right hand circularly polarized components display additional vortex contributions of topological charges −3 and +3, respectively. These novel contributions are produced by the vortex transitions triggered by graphene SOI of light (each separately conserving the total angular momenta j = +2 and j = −2). Therefore the scattering produces a mixing of the incoming vortices, each circular component being the superposition of different vortices. Note that the longitudinal component is the superposition of two terms with topological charges +2 and −2 so that, again, if we associate the spin value s = 0 to E z , these two contributions have total angular momenta j = +2 and j = −2, respectively.
In Fig.4 we consider the mixing of the vortices of Eq. (26) produced by graphene SOI of light for w = 9 · 10 −3 λ = 14 nm. In Fig.4a we plot all the relevant amplitudes on a disk centered at r ⊥ = 0 and a diameter of 100 nm using for all of them the same color scale reported on the bottom for comparison purposes. The first and second rows of Fig.4a are related to the incoming and scattered field, respectively. The amplitudes E (i) L and E (i) R have circularly symmetric profiles, the latter being twice the former, whereas E (i) z has a four lobe structured profile whose magnitude is comparable with the transverse components due to the tight transverse confinement of the field. The resulting electric field mag-
z | 2 has an overall ring structure which is not circularly symmetric. The above discussed vortex mixing dramatically affects the amplitudes |E L | and |E R | since their patterns are very much different from the corresponding incoming ones and are equipped with very deep sub-wavelength spatial features. Even more complex profiles are observed in
The richness of spatial details of such patterns ensues from two basic ingredients. First, each component is the superposition of two vortices with different topological charges so that their interference entails an involved angular structuring. Note that the two vortices in each component have topological charges differing by ±4 so that the interference pattern is a periodic function of 4ϕ thus explaining the fact that all the reported patterns are left invariant by a rotation of π/2. Second, due to the tight transverse confinement of the field, in analogy to the vortex generation discussed in Sec.III B, vortex mixing is here accompanied by the excitation of SPPs with distinct radial modulation patterns illustrated in the lower row of Fig.4a . In addition plasmon resonance also yields a remarkable enhancement of the longitudinal component |E z | whose lobes reach a maximum five times larger than the maximum of E (i) . All these features merge to yield a very structured profile of |E| whose square has lobes which are about 40 times stronger than the maximum of
Such a remarkable qualitative field transformation operated by the atomically thin graphene sheet is accompanied by an equally strong spatial redistribution of the energy flow. In Fig.4b we compare the Poynting vectors of the incoming and transmitted fields by illustrating their transverse parts S sues from the vortical nature of the circular components of such a field. On the contrary, in the scattered field both S ⊥ and S z exhibit structured profiles very much different from the incoming ones. Note that S z is very much stronger than S (i) z and it exhibits, in addition to an overall ring structure, four lobes surrounding the central dark spot. Again, as in the above considered vortex generation process, the strong longitudinal component S z of the scattered field arise from the divergence-free nature of the Poynting vector in vacuum (i.e. ∇ · S = 0), implying that the stream lines of S ⊥ connect regions where S z is maximum to regions where S z is minimum.
IV. DISCUSSION
The SOI of light discussed above, including vortex generation and mixing, is the main physical process enabling the simultaneous entanglement of spin and orbital angular momentum components of photons. Currently, stateof-the-art macroscopic q -plates [25] are being extensively used to encode information into hyper-entangled qdits of high dimension for quantum cryptography [6] [7] [8] . While such game-changing devices can even be miniaturized to some extent, their size is inherently limited by the optical wavelength hampering functionality at the nanoscale, which would be desirable for the development of quantum computers. Recently, gold-based metasurfaces of subwavelength thickness have been shown to overcome this limitation thanks to the plasmonic confinement of the metal and are considered as a viable platform for quantum computation with qdits [60] . However, such devices require advanced fabrication techniques for the realization of involved and precise nanostructured arrays and inherently lack active tunability.
In view of such current limitations and our findings, graphene has all the features for aspiring to become the best material for quantum computation at the nanoscale. Indeed, as discussed in Sec. IIIB and illustrated in Fig.  2 , such an atomically thin medium is able to generate efficiently vortices thanks to plasmon-enhanced SOI of light. A striking feature of such a generation process is that, in addition to the vortex angular modulation, the radial oscillations arising from graphene SPP excitation occur at the deep subwavelength nanometer scale, which is unachievable with q -plates and metasurfaces.
Such a feature becomes even more relevant in the plasmon-assisted vortex mixing discussed in Sec. IIIC and illustrated in Fig. 4 , which enables the generation of deep subwavelength optical lattices. Remarkably, by impinging through the nanotip vortices with distinct topological charge and polarizations, plasmon-assisted SOI of light in graphene enables the engineering of arbitrary lattices with angular and radial features of few nanometers, which is inherently unachievable with standard optical tweezers. In turn, thanks also to the extraordinary field enhancement provided by graphene SPPs, such lattices are promising for devising artificial media at will by pinning cold atoms in the desired pattern. Indeed, the time-averaged optical force operated by the electro-magnetic field on a generic atom or molecule with polarizability α > 0 is given by F = (1/2)α∇|E| 2 and thus, e.g., the optical lattice depicted in Fig. 4a would arrange atoms/molecules into a square array resulting from the peaks of |E| 2 .
In this context, a further feature that is unique to graphene as compared to other photonic materials lies in the external tunability through the injection of charge carriers, which enables the active manipulation of vortex generation efficiency and subwavelength optical lattices through an external gate voltage. Tunability mainly arises from the fact that the spectral position and width of the plasmonic resonance are highly dependent on the Fermi energy of the graphene sample (see Fig. 1d ), and in Fig. 5 we illustrate the potential offered by external control. In Fig. 5a we consider the same vortex generation process examined in Fig. 2c and we plot the maximum of |E| 2 for Fermi energies E F in the range 0.3 ÷ 1.8 eV. For small values of E F (< 0.8 eV) vortex generation is not very efficient with max |E| 2 close to 1 since the plasmonic resonance is located at k ⊥ > 100k 0 , far outside the main spectral content of the incoming field (see the right inset of Fig. 2a ). For higher Fermi energies, the plasmonic resonance efficiently enhances vortex generation since its spectral profile fully overlaps with the incoming field spectrum. From an application point of view, such behavior could be extremely useful for achieving ultrafast amplitude modulation of deep-subwavelength confined vortices. Note that the decrease of max |E| 2 for E F > 1.1 eV is not due to some kind of plasmonic resonance quenching, but it is rather associated to the small lateral spectral lobe ofẼ
L (see again the right inset of Fig. 2a) . In Fig.5b we examine the spatial profile of |E| 2 of the same vortex mixing process considered in Fig.4a for different values of the Fermi energy E F . In this process plasmonic tunability exhibits an even more dramatic phenomenology since |E| 2 displays both different amplidude and different shapes at different Fermi energies. In turn, the atomically-thin graphene sheet may constitute the core of a device able to generate extreme deep-subwavelength optical lattices with shape tunable in real time by means of the external bias voltage.
Although our formalism and predictions are fully classical, they can be straightforwardly generalized to the quantum regime since all the operators introduced to describe light-matter interaction are either diagonal in the eigenstates of the total angular momentum or are expressed in terms of ladder operators (see Sec. IIIA and Appendices). In turn, in view of the results discussed above, the extended doped graphene sheet considered in our calculations can perform tunable logic operations with single photons carrying information in qdits. For example, in Fig.6 we pictorially illustrate a possible way a exploiting the SOI of light to achieve nontrivial information manipulation. The information can be encoded in the radiation state through its vortex (m, s) distribution. The change of the vortex distribution through scattering effectively amounts, using the Shannon terminology, to the conversion of latent information (stored in Ψ (i) ) into manifest information (stored in |Ψ ), i.e. information processing occurs. Such manipulation functionality encompasses various different channels since different bits can be activated by vortex generation or switched off by suitable interference entailed by vortex mixing. In addition, the range of possible channels is also increased by tunability, thus enabling to control efficiency and features of the overall information processing functionality.
V. CONCLUSIONS
In summary, without taking any approximation, we develop a new theoretical framework accounting for the spin orbit interaction of arbitrary light fields, showing that their tight confinement along with the plasmonic resonance supported by doped extended graphene leads to the generation of optical vortices at the nanoscale with unprecedentedly high efficiency and deep-subwavelength spatial features. Remarkably, in spite of the atomic thickness of such a two-dimensional material, we demonstrate that it outperforms q -plates and metasurfaces with the further advantage of nano-operation and electrical tunability. While the novel theoretical model derived captures the spin orbit interaction of light mediated by an arbitrary 2D material, we show that extended graphene is ideal since it hosts surface plasmon polaritons with long lifetime and high quality factor, increasing the vortex generation efficiency. Furthermore, thanks to the mixing and interference of distinct vortices, we demonstrate the ability of graphene to generate deep subwavelength optical lattices of arbitrary shape and pace of few nanometers, enabling to devise artificial media at will. Although future work is required to extend our results to the quantum regime, we envisage that they will constitute a solid theoretical ground for the development of nano-scaled active elements and logic gates for enhanced quantum computation based on hyper-entangled photon states. Let us consider the simultaneous eigenvalue problem of the operatorsK,L andŜ
Since the operatorsK andL have no effect on the spin degrees of freedoms and the spin operatorŜ has no effect on the orbital state, it is possible to set
The diagonalization of the spin operatorŜ spi = 1 i (|e x e y | − |e y e x |) is straightforward and its eigenvalues are s = +1 and s = −1 with corresponding eigenvectors
which are an orthonormal basis of H spi , i.e.
In order to find the orbital eigenvectors |k ⊥ , m it is convenient to cast the operatorK in a different form. Settinĝ K =K orb ⊗Î spi and using the Weyl representation of the spherical wave [56] 
we haveK
where |k ⊥ = 
is the transverse Laplacian operator whose eigenvectors are the plane wave states, i.e.
Equation (A6) reveals thatK orb is strictly a function of the transverse Laplacian operator and therefore |k ⊥ , m are the simultaneous eigenvectors ofD
Expanding the eigenvector on the basis |r ⊥ by setting
where r ⊥ = r ⊥ (cos ϕe x + sin ϕe y ) so that the eigenfunctions f k ⊥ ,m are the well-known cylindrical harmonics [55] where k ⊥ is any positive real number and m is any integer number. Accordingly the eigenvectors are
where J m (ζ) is the Bessel function of the first kind of order m and they form an orthonormal basis of H orb , i.e.
We conclude that the eigenvectors of Eq.(A2) are
and, due to Eqs.(A4) and (A12), they form an orthonormal basis of H, i.e.
where, for notation convenience, we hereafter set
In the representation induced by the eigenvectors |k ⊥ , m, s , the operatorsK,L andŜ arê
A deeper understanding of the vortex representation can be gained from some geometrical consideration. In the presence of graphene, only rotations around the z axis are allowed and hence the symmetry group is SO(2). This group has infinitely many irreducible representations which are all one-dimensional since it is Abelian. First, the unitary operators e −iLϑ provide a representation of SO(2) on H and, since e −iLϑ |k ⊥ , m, s = e −imϑ |k ⊥ , m, s , each vector |k ⊥ , m, s spans a onedimensional invariant subspace, i.e. it is the basis of the one-dimensional irreducible representation whose character is e −imϑ . This observation explains why the orbital angular momentum m is not bounded as opposed to the constraint −l < m < l pertaining the general (2l + 1)−dimensional irreducible representation of the rotation group SO(3). Second, the operators e −iŜϑ provide a different representation of SO(2) on H and, since e −iŜϑ |k ⊥ , m, s = e −isϑ |k ⊥ , m, s , the vectors |k ⊥ , m, +1 and |k ⊥ , m, −1 are bases of the two irreducible representations whose characters are e −iϑ and e iϑ , respectively. This situation should be compared with that of a spin-1 particle whose spin state is threedimensional and whose spin operatorŜ z has three eigenvectors providing the three irreducible representations of SO(2) whose characters are e −iϑ , e iϑ and 1. As a matter of fact such three eigenvectors correspond in the 3D cartesian space to the unit vectors e L , e R and e z . In the presence of graphene, the transverse electric field is not coupled with its longitudinal component E z (see Eqs. (3)) so that it has been possible to deal with a two dimensional polarization (spin) state space and with the spin operator S which is the restriction of its three-dimensional counterpartŜ z to the transverse space. Third, the unitary rotation operators e −iĴϑ on H provide a further representation of SO(2). Since each subspace E (k ⊥ , j) of Eq. (14) is an eigenspace ofĴ, it is invariant invariant for the rotation operators, and hence it provides the carrier space of a two-dimensional reducible representation of SO (2) . Now e −iĴϑ |k ⊥ , j − 1, s + 1 = e −ijϑ |k ⊥ , j − 1, s + 1 and e −iĴϑ |k ⊥ , j + 1, s − 1 = e −ijϑ |k ⊥ , j + 1, s − 1 so that each one of these two-dimensional representation is the direct sum of two one-dimensional irreducible representation having the same character e −ijϑ .
Appendix B: Orbital and spin ladder opertors
Consider the two operatorŝ
which are straightforwardly seen to satisfy the commutation relations
The second of these equations shows thatL + and L − are orbital ladder operators, raising and lowering the orbital angular momentum m, respectively, by one unit. By letting the operatorsL ± to act on the basis vectors |k ⊥ , m, s , and using polar coordinates r ⊥ = r ⊥ (cos ϕe x + sin ϕe y ) in the transverse plane, we havê
where the Bessel function identity J m (ζ) ∓ mJ m (ζ) /ζ = ∓J m±1 (ζ) has been exploited in the third step. Note that such ladder operators are different from those commonly used when dealing with the full threedimensional rotation group (i.e.L x ±L y ). As discussed in Appendix A, each vector |k ⊥ , m, s spans the onedimensional carrier space of an irreducible representation of the Abelian group SO(2) (rotations in the plane). Therefore the operatorsL + andL − connect the carrier spaces of different irreducible representation of SO (2) as opposed to the standard ladder operators whose action is restricted to the carrier space of a fixed (2l + 1)-dimensional irreducible representation of SO (3) .
Consider now the two operatorŝ
where the |±1 are the eigenvectors of the spin operatorŜ spi . They are straightforwardly seen to satisfy the commutation relations
the second of which shows thatŜ + andŜ − are spin ladder operators, raising and lowering the spin s, respectively, by two units. The action of these operators on the basis vectors | k ⊥ , m, s is given bŷ
which can be summarized aŝ
From this relation it is particularly evident that the spin raising and lowering are accompanied by the changes ∆s = +2 and ∆s = −2, respectively.
Appendix C: The interaction operators
The orbital ladder operators provide a natural factorization of the transverse Laplacian operator sincê
and accordingly, from Eq.(B3) we havê 
so that the operatorK is rotationally invariant (it conserves the total angular momentum) and it also conserves both the orbital and spin angular momenta. By inverting Eq.(A3) we get
which inserted into the first of Eq. (9), after some algebra, yield 
which shows that the operatorM is rotationally invariant (it conserves the total angular momentum) but it does not conserve both the orbital and spin angular momenta.
Appendix D: Solution of the LS equation
In order to solve the LS equation (Eq. (8)), we expand both the incoming and unknown states in the vortex basis, i.e. 
where ψ 
where u(k ⊥ ) is the eigenvalue of the operatorK, as above. Note that each term in Eq.(D2) has the same index k ⊥ and the same total angular momentum j = m+s, so that we are effectively solving the LS equation in each subspace E (k ⊥ , j) in agreement with the rotationally invariance of the system. Substituting the trial solution ψ k ⊥ ,m,s = Qψ where a suitable index relabelling has been performed in the second term of the RHS.
Appendix E: The scattered electromagnetic field From the relation
by exploiting Eq.(10) and the identification of the s = +1 and s = −1 spin eigenvalues with the left hand and right hand circular polarizations L and R, respectively, we get
The circularly polarized components of the field E ⊥ (r ⊥ ) are straightforwardly obtained by projecting the state |Ψ of Eq. (20) onto the basis |r ⊥ , s = |r ⊥ ⊗ |s , i.e.
E L (r ⊥ ) = r ⊥ , +1 | Ψ , E R (r ⊥ ) = r ⊥ , −1 | Ψ .
(E3) The longitudinal component E z is discontinuous across the graphene plane (due to the surface charge oscillation hosted by graphene) and its value on the right-side at z = 0 + can be evaluated from the second of Eqs.(3). However, it is more convenient resorting to the full vectorial angular spectrum representation of the forward propagating field since it also provides the related magnetic field H (which we need for evaluating the Poynting vector). Considering the 2D Fourier transform of the transverse part of the field at z = 0
the forward propagating electric and magnetic fields are
Inserting Eqs.(E3) into Eq.(E4), after using circularly polarized components E ⊥ =Ẽ L e L +Ẽ R e R , introducing polar coordinates in both direct and reciprocal space by setting r ⊥ = r ⊥ (cos ϕe x + sin ϕe y ), k ⊥ = k ⊥ (cos θe x + sin θe y ) and resorting to the Anger-Jacobi formula 
Using circularly polarized components for the transverse parts of the fields in Eqs.(E5) at z = 0 and using Eq.(E7), after some tedious but straightforward algebra, we obtain 
Equations (E8) together with Eq.(E2) allows to predict the full electromagnetic field on the right side of the graphene sheet (i.e. at z = 0 + ) once the transverse part of the incoming field is known.
